Abstract. In this note we provide a counter-example to a conjecture of K. Pardue [Thesis, Brandeis University, 1994.], which asserts that if a monomial ideal is p-Borel-fixed, then its N-graded Betti table, after passing to any field does not depend on the field. More precisely, we show that, for any monomial ideal I in a polynomial ring S over the ring Z of integers and for any prime number p, there is a p-Borelfixed monomial S-ideal J such that a region of the multigraded Betti table of J(S ⊗ Z ) is in one-to-one correspondence with the multigraded Betti table of I(S ⊗ Z ) for all fields of arbitrary characteristic. There is no analogous statement for Borel-fixed ideals in characteristic zero. Additionally, the construction also shows that there are p-Borel-fixed ideals with non-cellular minimal resolutions.
Introduction
Let x 1 , . . . , x n be indeterminates over the ring Z of integers and S = Z[x 1 , . . . , x n ]. Let p be zero or a prime number. For any field k, the general linear group GL n (k) acts on S ⊗ Z k. Say that a monomial S-ideal I is p-Borel-fixed if I(S ⊗ Z k) is fixed under the action of the Borel subgroup of GL n (k) consisting of all the upper triangular invertible matrices over k for any infinite field k of characteristic p. (This definition does not depend on the choice of k; see Proposition 2.6.)
Let I be any monomial S-ideal. In Theorem 3.2 we will show that for any prime number p, there exists a (monomial) S-ideal J that is p-Borel-fixed and that, for any field , there is a region (independent of ) in the multigraded Betti table of J(S ⊗ Z ) (as a module over S ⊗ Z ) that is determined by the multigraded Betti table of I(S ⊗ Z ). This shows that, homologically, the class of Borel-fixed ideals in positive characteristic is as bad as the class of all monomial ideals.
There is a combinatorial characterization of p-Borel-fixed S-ideals; see Proposition 2.6. It follows from this characterization that if I is 0-Borel-fixed, then I(S ⊗ Z ) if Borel-fixed for all fields , irrespective of char ; the converse is not true. The Eliahou-Kervaire complex [EK90, Theorem 2.1] gives S-free resolutions of 0-Borel-fixed ideals in S, which specialize to minimal resolutions over any field field . In particular, the N n -graded Betti table (and, hence, the N-graded Betti table) of a 0-Borel-fixed S-ideal remains unchanged after passing to any field. On the other hand, if we only assume that I is p-Borel-fixed, with p > 0, then little is known about minimal resolutions of I(S ⊗ Z ) for some field , including when char = p.
A systematic study of Borel-fixed ideals in positive characteristic was begun by K. Pardue [Par94] . In positive characteristic, Proposition 2.6 was proved by him. He gave a conjectural formula for the (CastelnuovoMumford) regularity of principal p-Borel-fixed ideals. A. Aramova Our main result (Theorem 3.2) arose in the following way. It is known that the Eliahou-Kervaire resolution is cellular [Mer10] . Using algebraic discrete Morse theory, M. Jöllenbeck and V. Welker constructed minimal cellular free resolutions of principal Borel-fixed ideals in positive characteristic [JW09, Chapter 6]; see, also, [Sin08] . We were trying to see whether this extends to more general p-Borel-fixed ideals when we realized the possibility of the existence of p-Borel-fixed ideals whose Betti tables might depend on the characteristic.
As a corollary of our construction and the result of M. Velasco [Vel08] that there are monomial ideals with a non-cellular minimal resolution, we conclude that there are p-Borel-fixed ideals that admit a non-cellular minimal resolutions.
We remarked earlier that the N-graded Betti .) There has been some evidence that the conjecture is true. If J is a p-Borel-fixed S-ideal, then the projective dimension of J(S ⊗ Z ) is determined by the largest i such that x i divides some minimal monomial generator of J. The regularity of J(S ⊗ Z ) does not depend on [Par94, Corollary VI.9]; this is part of the motivation for Pardue to make this conjecture. Later, Popescu [Pop05] showed that the extremal Betti numbers of J(S ⊗ Z ) does not depend on . However, Example 3.7 shows that the conjecture is not true.
We thank Ezra Miller and the anonymous referees for helpful comments. The computer algebra system Macaulay2 [M2] provided valuable assistance in studying examples.
Preliminaries
We begin with some preliminaries on estimating the graded Betti numbers of monomial ideals and on p-Borel-fixed ideals. By N we denote the set of non-negative integers. When we say that p is a prime number, we will mean that p > 0. By e 1 , . . . , e n , we mean the standard vectors in
(All the modules that we deal with in this paper are ideals or quotients of ideals.)
Notation 2.1. Let A be a Noetherian ring and z an indeterminate over A.
Note that for all i ∈ N, I i ⊆ I i+1 . Moreover, since A is Noetherian, I i = I i+1 for all i 0.
Lemma 2.2. Adopt Notation 2.1. Suppose that
The maps Tor 
Proof. This follows immediately by noting that, for all j ∈ N, 
Construction
Recall that S = Z[x 1 , . . . , x n ] and that I is a monomial S-ideal. Fix a prime number p and let k be any field of characteristic p. We now describe an algorithm that constructs an S-ideal J such that J(S ⊗ Z k) is Borel-fixed. (ii) Pick a positive integer e i such that 
Let us make some remarks about the construction. In
Step (i), we may, for example, take r i to be the degree of the least common multiple of the minimal monomial generators of J i−1 ; that this is a bound for regularity (independent of characteristic) follows from the Taylor resolution. There are stronger bounds, e.g., the largest degree of a minimal generator of the lex-segment ideal with the same Hilbert function as J i−1 (S ⊗ Z ). Additionally, one may insert a check at Step (iii) whether J i (S ⊗ Z Z/p) is Borel-fixed using Proposition 2.6. The algorithm will, then, terminate before or at the stage i = m − 1 where m = max{i : x i divides a minimal monomial generator of I}.
The proofs of Theorem 3.2 and Proposition 3.6 hinge on the following lemma. See [Eis95, Section A3.12] for mapping cones and [MS05, Chapter 4] for cellular resolutions. In the proof of the theorem, we first describe the change in the N n -graded Betti table at Step (ii). Readers familiar with multigraded resolutions will be able to see that the Betti numbers of J in the region B should be the Betti numbers of the ideal 
Proof. (i): Follows from the choice of e j .
(ii): The assertion about generating degrees follows from the choice of e j . As a consequence, we see that the
e., if we represent it by a matrix, all the entries are in the homogeneous maximal ideal. Therefore M • is minimal, and, hence a minimal resolution of (S/(
Proof of the theorem. Without loss of generality, we may assume that k is infinite. Let x ). We will not explicitly construct the map ψ, but will observe that it can be done putting together the changes at each stage j. 
